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Abstract

This paperpresentsa framework for theskeleton-drivenanimation
of elasticallydeformablecharacters.A characteris embeddedin
a coarsevolumetric control lattice, which provides the structure
neededto apply the �nite elementmethod. To incorporateskele-
tal controls,we introduceline constraintsalongthe bonesof sim-
ple skeletons. The bonesaremadeto coincidewith edgesof the
control lattice,which enablesusto applytheconstraintsef�ciently
usingalgebraicmethods.To acceleratecomputation,we associate
regionsof thevolumetricmeshwith particularbonesandperform
locally linearizedsimulations,whichareblendedateachtimestep.
We de�ne a hierarchicalbasison thecontrol lattice,sofor detailed
interactionsthesimulationcanadaptthelevel of detail.Wedemon-
stratetheability to animatecomplex modelsusingsimpleskeletons
andcoarsevolumetricmeshesin amannerthatsimulatessecondary
motionsat interactive rates.

CR Categories: I.3.5 [ComputerGraphics]:ComputationalGe-
ometry and Object Modeling—Physically BasedModeling I.3.7
[ComputerGraphics]:Three-DimensionalGraphicsandRealism—
Animation;

Keywords: animation,deformation,physically-basedanimation,
physically-basedmodeling

1 Intr oduction

Physical simulation is central to the processof creating realis-
tic characteranimations. In the �lm industry, animatorsrequire
detailed control of the motion of their characters,but creating
physically-basedsecondarymotionsis dif�cult andtime consum-
ing to do by hand. Recently, techniqueshave beendevelopedfor
automaticallysimulatingthesesecondarymotions.Thesemethods
arebuilt atopskin, muscle,andbonemodelsandcangeneratede-
tailed, dynamicmotions. However, constructingthesemodelsis
time consuming,and the simulationsare computationallyexpen-
sive.

By contrast,in videogameor virtual reality applicationswhere
interactivity is critical, characteranimationis built atopmuchsim-
pler models. The shapesare composedof convenientprimitives
andarecontrolledby line segmentbasedskeletons.Deformations
of bodypartsarepurelykinematicallydriven,using,e.g.,blended
coordinateframes.Incorporatingrealisticphysically-baseddynam-
icsusingthe�lm industry'sapproachis currentlyimpractical.

In this paper, we attemptto bring dynamicsimulationinto the
realmof real-time,skeleton-drivenanimation.Thechallengeis to
�nd the right combinationof physical principles,geometricmod-
eling, computationaltools,andsimplifying assumptionsthatyield
compellinganimationsat interactive rates.

Our approachis basedon the equationsof motion of elastic
solids,simulatedin a �nite elementsetting. The volumetric�nite
elementmeshneedonly be speci�ed coarsely, subjectto the re-
quirementthatit encompassthegeometricmodelonwhichsimula-
tion will beperformed.This last requirementis necessaryin order
to ensurecompleteintegrationover the interior of the object. In
fact,aslongastheinteriorof theobjectis well-de�ned,simulation
of its elasticdeformationis possibleregardlessof the the surface
representationor complexity.

Thevolumetricmeshwechooseis notrestrictedtoaregulargrid;
rather, it is comprisedof elementssuchastetrahedraandhexahe-
dra. This �e xibility permitsconstructionof meshesthat conform
betterto thesurfaceof theobject,improving simulationquality. In
addition,to supportadaptive level of detail during simulation,we
constructa hierarchicalbasis,which allows detail to beintroduced
or removedasneeded.

Since our ultimate goal is simulation of skeletally controlled
characters,our framework supportsline constraints,where lines
correspondto bones.In orderto incorporatetheseconstraintseas-
ily, werequirethevolumetricmeshtocontainedgescoincidentwith
the bones. Finally, to achieve interactive rates,we linearizethe
equationsof motion,solvethemovervolumetricregionsassociated
with eachbone,andblendthedeformationswhereregionsoverlap.

We believe thatthiswork makesanumberof contributions.Our
crafting of the function spacein order to make constrainthan-
dling easieris, to our knowledge,novel. We introduceblended
local linearizationof nonlinearequations,in the context of de-
formableanimatedcharacters.We generalizea methodof solving
constraintsusing linear subspaceprojection. We also introducea
constraintthat allows one-dimensionalbonesto behave as three-
dimensionalbones.Finally, we believe our mostimportantcontri-
butionis puttingtogetheracollectionof techniquesthatallowsusto
interactively animatearbitraryshapeswith skeletalcontrolswhile
generatingrealisticdynamicdeformations.

2 Related Work

Probablythe most commontechniquefor deforming articulated
charactersis to de�ne the position of the surfacegeometryas a
function of an underlyingskeletal structureor set of control pa-
rameters.Recentadvancesin this areacanbe found in the work
of Lewis et al. [2000],SinghandKokkevis [2000],andSloanet al.
[2001]. Ourwork buildsonthenotionof skeletalcontrol,but within
aphysically-basedframework.

In the late 1980's, Terzopouloset al. pioneeredthe �eld of
physically-baseddeformablemodelsfor computergraphics.Using
Lagrangianequationsof motion and �nite differencesthey simu-
latedelastic[1987] andinelastic[1988] behaviors, combinedwith
a rigid body motion term to compensatefor instabilitieswith stiff
bodies[1988].



Muchof theresearchthatfollowedsoughtto addmoresophisti-
catedconstraintsolvers,acceleratethesolutionsundera varietyof
approximations,andaddstability to permit larger timesteps.Platt
andBarr [1988] improvedon existing constraintmethods(e.g.,the
penaltymethod)by introducingreactionconstraintandaugmented
Lagrangianconstraintapproaches.Applying theseconstraintsto
alreadycomplex simulations,however, wasnotasteptowardinter-
activity.

PentlandandWilliams [1989] simpli�ed the problemby solv-
ing for thevibrationalmodesof a bodyandkeepingonly thelower
frequency modesandobtainedrealtimesimulationsof physically
plausibledeformingbodies. Witkin and Welch [1990] usedLa-
grangiandynamicsto solve for low-orderpolynomial,global de-
formations,coupledwith constraintsenforcedthroughLagrange
multipliers. Baraff andWitkin [1992] later extendedthis method
for betterhandlingof non-penetrationconstraints.Finally, Metaxas
andTerzopoulos[1992] combinedWitkin andWelch's global de-
formationframework with local�nite elementsurfacedeformations
and Lagrangemultiplier constraintsto animatesuperquadricsur-
faces.In eachof theseexamples,while achieving interactive rates,
thedeformationsweresubstantialapproximationsto detailedvolu-
metricdeformationsandwerenotdemonstratedoncomplex shapes.

To acceleratecomputations,some hierarchicalmethodshave
also beenemployed. Terzopouloset al. [1988] use a multigrid
solver for a surface-basedinelasticsimulation. The approachof
MetaxasandTerzopoulos[1992] is analogousto a two level simu-
lationthatusesglobaldeformationsatthecoarseleveland�nite ele-
mentsfor �ner surfacedeformations.Morerecently, Debunneetal.
[1999]built anocttreeof particlesthatinteractaccordingto Lamé's
equation,resultingin interactivesimulations.Theparticlesaresim-
ulatedusingan explicit Euler solver that stepseachparticleadap-
tively in time andat differing spatialresolutions.To animatea sur-
face,the particlesarelinked to eachsurfacepoint by a weighting
scheme.Their approachwasrecentlyextendedto useunstructured
tetrahedralhierarchies[Debunneetal. 2001].

To add stability to computations,implicit solvers have proven
to be quite effective. Terzopouloset al. [1987; 1988] usedsemi-
implicit solversin their initial work. Baraff andWitkin [1998]used
animplicit schemeto permitlargetimestepsin notoriouslyunstable
cloth simulations.Desbrunet al. [1999], alsoworking with cloth
models,showedthattheimplicit solutionmethodactsasa�lter that
stabilizesstiff systems.They alsoadda rotationterm to preserve
angularmomentumanda correctionterm after eachtime stepto
simulatenonlinearelasticity.

Free-form deformation (FFD), introducedby Sederberg and
Parry [1986], is also closely relatedto our work. FFD involves
embeddinganobjectin adomainthatis moreeasilyparameterized
thantheobjectitself. Themainadvantagesof FFDarethatarbitrary
objectscanbeeasilydeformedandthespaceof deformationscan
becraftedindependentlyof therepresentationandresolutionof the
object. Sinceits introduction,the �e xibility of FFD hasbeenim-
proved by introducinglatticesof arbitrarytopology[MacCracken
and Joy 1996], and dynamicfree-form deformationhasbeenin-
troducedto apply FFD to animation[Faloutsoset al. 1997]. Our
framework buildsonFFDby alsoembeddingtheobjectin acoarse
controllattice.But unlikethework of Faloutsosetal.,whereadiag-
onalstiffnessmatrix wasused,we usetheprinciplesof continuum
elasticityto computethedynamicsof theobjectbeingdeformed.

Another approachto fast, physically-baseddeformationsis to
solve quasi-staticsolutions,i.e., computethe equilibrium stateof
the systemgiven forcesandconstraints,and thenanimateby ad-
justing the forcesandconstraintsover time. Gourretet al. [1989]
exploredsuchatechniquefor volumetric�nite elements,andJames
andPai [1999]developedaninteractive boundaryelementsolution
undertheassumptionof constantmaterialpropertiesinsidethevol-
ume.Otherquasi-staticapproacheshave alsobeenfavoredfor sur-
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Figure1: An objectinstrumentedwith askeletonandacontrollattice.Theoriginal
object,shown on theleft, is a region 
 � R3. Theskeletalcomplex Sis interior to 
 .
Functionson 
 arede�ned in termsof thecontrol latticeK, a cell complex forming
a neighborhoodof theobject,which is shown in thecenterimage.On theright is the
controllatticesubdividedonceto form K1

gical planningandsimulation[Bro-NielsenandCotin 1996;Koch
et al. 1996;Rothet al. 1998]. Quasi-staticsolutions,however, are
approximationsthatdonotcapturethetruedynamicsof motion.

In somecases,interactivity hasbeenachieved without resort-
ing to signi�cant simpli�cations in the dynamicmodel. Recently,
Picinbonoet al. [2000] describedaninteractive surgerysimulation
usinganonlinear�nite elementmethod.They wereableto achieve
interactive ratesfor a virtual liver composedof about2000tetrahe-
dra. However, morecomplex objectssuchastheonesusedin our
work would requiremany moretetrahedra.

Therearealsoa numberof papersthatapproachtheproblemof
deforminghumansandanimalsusinganatomicalmodeling[Aubel
andThalmann2000;WilhelmsandGelder1997].They differ from
our approachin thatwe aremoreconcernedwith interactivity and
theappearanceof realismthanactualanatomicalmodeling.

Anotherpossibilityfor deformationis to performthin-shellcom-
putations.Recentwork by CirakandOrtiz [2001]demonstratesthe
useof subdivision elementsfor computingthe dynamicsof thin
shells. However, thin shellsareinsuf�cient for modelingthe inte-
rior of solidobjects.

In the next sectionwe introducethe basic mathematicaland
physical formulation that underliesour framework. We then de-
scribeoursimulationandcontrolmethodology(Section4), discuss
results(Section5), andconclude(Section6).

3 Form ulation

Eachobject that we wish to animateis representedas a domain

 � R3. We make noassumptionsabout
 otherthanweknow its
interior. We instrumenteachobjectwith a skeleton,i.e. an anno-
tatedtransformationhierarchy suitablefor animation.We refer to
eachtransformationin thehierarchy, aswell asits associatedorigin
point, asa joint. The skeletonde�nes a graphS, whosevertices
correspondto joints andwhoseedgescorrespondto line segments
betweentwo joints thatshareaparent-childrelationship.Jointsand
bonesarelocatedinteriorto theobject,sothegraphSis apiecewise
linearsubsetS � 
 , thatwecall askeletalcomplex (seeFigure1).

Motion of theobjectis representedby atimedependentfunction

p : 
 � R ! R3 : (x, t) 7! p(x, t) . (1)

Let

pS : S� R ! R3 (2)

denotetherestrictionof themapto S. Rigidity of thebonesimplies
that pS is an isometryon eachedgeof S. In particular, pS is a
piecewiselinearfunctiononS.

Our goal is to solve for thedynamicmotionof theobjectgiven
themotionof theskeleton.Sincewe modeltheobjectasanelastic
body, thefunctionp(x, t) is thenthesolutionof a systemof partial
differentialequations,subjectto theconstraintp(x, t) = pS(x, t) for
x 2 S.



To solve the systemnumerically, we apply the �nite element
method(see,e.g.,[Prenter1975]).Weseparatethemapp(x, t) into
a constantreststater (x) anda dynamicdisplacementd(x, t), each
of which is representedasa �nite sum.Thereststateof theobject
is givenby theidentitymapr : 
 ! R3, whichhastheexpansion:

r (x) =
X

a

ra � a(x) = r a � a(x) = x (3)

where the functions � a(x) are elementsof a �nite basisB, and
ra 2 R3. As demonstratedin the above equation,we use the
Einsteinsummationconventionthroughoutthis paper:whenever a
termcontainsthesameindex asbotha subscriptanda superscript,
the term implies a summationover the rangeof that index. The
displacementis expandedsimilarly:

d(x, t) = qa(t) � a(x) . (4)

whereqa(t) 2 R3 are the dynamicallyevolving coef�cients that
determinethedeformationof theobjectover time. Thestateof the
systemis simply thesumof thereststateandthedisplacement:

p(x, t) = (r a + qa(t))�
a(x) (5)

We representthe stateof the bodyat time t asa columnvector
of generalizedcoordinatesq = q(t) whosea-th componentis the
coef�cient qa(t) in Equation(4), andwemodelthedynamicsof the
body asa systemof secondorderordinarydifferentialequations.
The systemis obtainedby applying the �nite elementmethodto
theLagrangianformulationof theequationsof elasticity(see,e.g.,
[Shabana1998]). In the remainderof the sectionwe describethe
basisB andformulatethe�nite elementproblem.

3.1 The Hierar chical Basis

In orderto allow our simulationsto adaptto local conditions,we
employ ahierarchicalbasis.Suchbasesarewell establishedasuse-
ful tools for numericalcomputation(see,e.g.,[Bank 1996]). Our
constructionmirrors that of what are referredto as lazy wavelets
in [Stollnitz et al. 1996]. The basisB is de�ned in termsof re-
peatedsubdivision of a control lattice surroundingthe object(see
Figure1). It is desirablethatthecontrollatticeconformto theshape
of theobjectwhile beingascoarseaspossible.An advantageof us-
ing anunstructuredlatticeinsteadof a regulargrid to de�ne thede-
formationfunctionspaceis thatthelatticecanbetailoredto �t the
object.Morepreciselyacontrol latticeK is a �nite unionK = [ iCi

of convex cellsCi satisfyingthefollowing conditions:

(i) For all i, j, i 6= j theintersectionCi,j = Ci [ Cj is eitherempty
or a face,edge,or vertex of bothCi andCj .

(ii) Theedgesof Sareedgesof cellsof K.
(iii) Thedomain
 is containedin theinteriorof K.
(iv) For all i, eachvertex of Ci hasvalence3 (within Ci).

Condition(iv) still allows a variety of cell shapesincluding hexa-
hedra,tetrahedraandtriangularprisms.

We now show how to constructa collection of functionsB =
f � ag on K whoserestrictionto 
 is a linearly independentsetof
continuousfunctionson 
 . Let V0 � V1 � V2 � : : : bethenested
sequenceof function spacesdescribedin appendixA.1. The set
VJ consistsof thepiecewise trilinear functionson thecomplex KJ

obtainedfrom K by J hexahedralsubdivisions. For eachvertex a
of K, positionedat xa, let � a denotetheuniquefunctionin V0 such
that � a(xa) = 1 and� a(xb) = 0 for b 6= a a vertex of K. Include� a

in B if therestrictionof � a to 
 is non-zero.Proceedinductively as
follows. Let a beavertex of KJ+1 thatis notavertex of KJ andlet � a

betheuniquefunctionin VJ+1 suchthat� a(a) = 1 andthatvanishes

atall otherverticesof KJ+1. Include� a in B if its restrictionto 
 is
non-zeroandif its restrictionto Sis zero.

Althoughtheelementsof B arede�ned on all of K, we areonly
interestedin their valueson 
 ; we will, therefore,interpretB as
collectionof functionson
 . Onecanshow thatthesetB is linearly
independentsetof functions,whichwecall thehierarchical basis.

By construction� a 2 B for eachjoint vertex a 2 S, andthere-
strictionof � a to Sis linearoneachboneof S. Moreover if � a 2 B,
for a not a joint vertex, then� a vanishesidenticallyon S. Conse-
quently, thefunctionpS(x, t) canbewritten in theform

pS(x, t) =
X

a2 S

(ra + qa(t))�
a(x) . (6)

andbecause� a(a) = 1, thevector(r a + qa(t)) is thelocationof the
joint vertex a at time t.

3.2 Equations of Motion

By virtue of Equation(5), we canexpressthekinetic energy T and
elasticpotentialenergy V as functionsof �q and q, respectively,
where�q denotesthetime derivative of q. Theequationsof motion
arethentheEuler-Lagrangeequations

d
dt

�
@T( �q)

@�q

�
+

@V(q)
@q

+ Qext � � �q = 0 (7)

where@T=@�q and@V=@q denotegradientswith respectto �q and
q, respectively. The term Qext is a generalizedforce arisingfrom
externalbodyforces,suchasgravity. Thelasttermis ageneralized
dissipative force,addedto simulatethe effect of friction. We will
now derive eachof the �rst threetermsof Equation7, ultimately
yieldingasystemof ODEsto besolvedin generalizedcoordinates.

The kinetic energy of a moving body is a generalizationof the
familiar 1

2mv2:

T =
1
2

Z



� (x) �p � �p d
 =

1
2

Mab �qa � �qb (8)

where � (x) is the mass density of the body, and M ab =Z



� � a� b d
 . Equation(8) yieldstheformula

d
dt

�
@T
@�q

�
= M q̈ . (9)

The matrix M composedof the elementsM ab is called the mass
matrix. Wediscussits computationin Section3.3.

The elasticpotentialenergy of a body capturesthe amountof
work requiredto deformthebodyfrom thereststateinto thecurrent
con�guration. It is expressedin termsof thestrain tensorandstress
tensor. Strain is the degreeof metric distortion of the body. A
standardmeasureof strainis Green'sstraintensor:

eij =
@di

@xj
+

@dj

@xi
+ � kl

@dk

@xi

@dl

@xj
(10)

Thediagonaltermsof thestraintensorrepresentnormaldeforma-
tions while thoseoff the diagonalcaptureshearing.Forcesacting
on theinterior of a continuumappearin theform of thestressten-
sor, which is de�ned in termsof strain:

� ij = 2G
�

�
1 � 2�

tr(e)� ij + eij

�
(11)

wheretr(e) = � ij eij . The constantG, calledthe shearmodulusor
modulusof rigidity, determineshow hardthebodyresistsdeforma-
tion. Thecoef�cient � , calledPoisson'sratio, determinestheextent



to which strainsin onedirectionarerelatedto thoseperpendicular
to it. Thisgivesameasureof thedegreeto whichthebodypreserves
volume. The elasticpotentialenergy V(q), which is analogousto
the familiar de�nition of work asforce timesdistance,is givenby
theformula

V = G
Z




�
�

1 � 2�
tr2(e) + � ij � kleikejl

�
d
 (12)

By combiningEquations4, 10, and12 we canexpresstheelastic
potentialV and its derivatives (with respectto q) as polynomial
functionsof q. Thecoef�cients of thesepolynomialsareintegrals
that canbe precomputed.Detailsaredescribedin appendixA.2.
ThematrixS = @2V

@q@q is referredto asthestiffnessmatrix.
To addrealism,we includethe forceof gravity in our formula-

tion. Gravity is an exampleof a bodyforce that affectsall points
inside the body. We treatgravity asa constantacceleration�eld
speci�edby thevectorg. Thegravitationalpotentialenergy is then
theintegral

Vg =
Z



� g � p =

Z



�� ag � qa . (13)

Thegeneralizedgravitationalforceis thegradient

Qg
a =

@Vg

@qa
=

� Z



�� a

�
g (14)

The above force canbe interpretedasthe familiar mg exceptthat
themasstermrepresentsall of themassassociatedwith aparticular
basisfunction.

3.3 Numerical Integration

In order to computethe gravity termsand the massandstiffness
matriceswe precomputethe integrals in equations(8), (14), and
(29). Theintegrationis donenumericallyusingthefollowing steps:

1. SubdivideK to thedesiredlevel for numericalintegration.
2. Computethevaluesof thebasisfunctionsateachvertex.
3. Tetrahedralizethe domain. After subdividing once,the do-

main is composedof only hexahedralcells. We thendivide
eachof thesecells into tetrahedrain order to approximate
functionson thedomainaspiecewiselinear.

4. Computethe integrals over eachdomain tetrahedronusing
piecewise linearapproximationsto thebasisfunctions. If all
four verticesof a tetrahedronfall outsidethe surfaceof the
object,its contribution to theintegralsis neglected.

With theintegralscomputed,equation(7) cannow besolvedusing
anonlinearNewton-Raphsonsolver.

4 Skeletal Simulation

The fully nonlinearelasticformulation describedin the previous
sectionis computationallyexpensive,anddoesnottakeinto consid-
erationtheskeleton.In thissectionweintroduceasetof techniques,
tailored for fast skeleton-driven animation,that approximatethe
nonlineardynamics.

4.1 Instrumentation

Prior to simulation,a modelmustbe instrumentedwith a skeleton
andcontrollattice.Althoughrecentwork by TeichmannandTeller
addressesautomatedskeletonconstruction[1998],we currentlylet
the animatorspecify the skeletonin order to achieve the desired

Figure2: Theupperleft imageshows aninput modelinstrumentedwith a skeleton
andlocal coordinatesystems.The upperright imageshows the modelembeddedin
(half of) acontrollattice.Thelower left imageshowshow theskeletoncoincideswith
edgesandverticesof thecontrollattice.Thelowerright imageshowstheentirecontrol
lattice,aswell asthe division of the objectinto regionsfor local linearization.Each
region is associatedwith oneof the local coordinatesystemsin theupperleft image.
Notethecolorblendingwhereregionsoverlap.

level of control.We have implementeda simplesystemthatallows
a skeletonto be constructedmanuallyin just a few minutes. The
usercreatesa joint by clicking on theobjectwith themouse.If the
ray throughthe mousepoint (from the cameraprojectioncenter)
intersectsthe object at least twice, a joint is placedmidway be-
tweenthe�rst two intersections.Thispositioningschemeproduces
joints thatarecentrallylocatedinsidetheobject.Two jointscanbe
selectedto de�ne a bone,andwith the selectionof a root joint, a
transformationhierarchy canbecreatedautomatically.

We currentlyusea constructive procedurethat allows the user
to build the control lattice interactively by addingcells incremen-
tally andrepositioningthecontrolverticesasneeded.Severalhours
arerequiredfor anexperienceduserto createamoderatelycomplex
controllattice.Theabundanceof volumetricmeshingschemessug-
geststhat automaticcreationof the control lattice is possible,and
we hopeto addressthis problemin the future. Figure2 shows the
skeletonandcontrolmeshfor akangaroomodel.

4.2 Solving the System

Due to the computationalexpenseof solving the full nonlinear
equationsof elasticity, we seeksimpli�cations thatmake theequa-
tions easierto solve. Onepossibility is to linearizethe equations
of motionat thebeginningof eachtimestepaswasdoneby Baraff
andWitkin in theirwork onclothsimulation[1998]. In ourexperi-
ence,simulationsusing this methodareessentiallyindistinguish-
able from resultsobtainedusing a nonlinearimplicit methodto
solve the system,as long as the timestepis not so large as to al-
low radicalshapechangeduringa singlestep.After applyingtheir



implicit solver to our formulation,theresultingequationsare:

� q = h( �q + � v) (15)

(M � h� I + h2S)� v = h
�

� �q �
@V
@q

� Qext � hS�q
�

(16)

whereh is thetimestep,� is thedampingcoef�cient, I is theidentity
matrix, � v is thechangein thevelocity �q duringthetimestep,� q
is thechangein q duringthetimestep,M is themassmatrix,andS
is thestiffnessmatrix. All quantitiesareevaluatedat thebeginning
of thetimestep.Equation(16) is a sparselinearsystemthatcanbe
solvedfor � v usinga ConjugateGradients(CG) solver. Then� v
is substitutedinto equation(15) to obtain� q.

4.3 Bone Constraints

In our framework the skeletonis controlleddirectly by keyframe
dataor someothersourceexternalto thedynamicsimulation.From
the viewpoint of the simulation,the skeletonis simply a compli-
catedconstraint.Becausewe have restrictedthebonesto lie along
edgesin the control lattice, andthe basisis interpolating,it is es-
pecially easyto handlethe boneconstraintsalgebraically. Each
controlpoint thatliesonabonecorrespondsto acomponentof � v
that is known a priori , ratherthanhaving to becomputed.Simpli-
fying equation(16) to theform A� v = b, wecansortthevariables
into known (� vk andbk) andunknown quantities(� vu andbu) and
form thefollowing system:

�
A11 A12

A21 A22

� �
� vk

� vu

�
=

�
bu

bk

�
(17)

Thereasonthatsomecomponentsof thevectorb arenow unknown
arisesfrom thefact that theexternalforcesrequiredto enforcethe
boneconstraintsareunknown,andthey appearonther.h.s.of equa-
tion (16). In orderto solve for � vu wesimplysolve thesystem:

A22� vu = bk � A21� vk (18)

The advantageof this approachis that addingskeletalconstraints
actuallyreducesthecomputationalcostbyshrinkingthesystemthat
mustbesolved.

4.4 Linear Subspace Constraints

Becausewe would like our objectsto interactwith otherobjects,
positionconstraintsarealso important. The framework of Baraff
andWitkin [1998]providesanelegantsolutionfor particlesystems.
During eachinternalstepof a CG solver, they projectout certain
componentsof � v correspondingto constrainedparticles. Here
we show that this techniquecan be extendedto include position
constraintsat any point in a continuousbody. Positionconstraints
in our framework areof theform:

dc(t) = qa�
a(xc) (19)

which simply saysthat the displacementat xc conformsto some
known functiondc. Evaluatingequation(15)at xc resultsin:

� va�
a(xc) =

dc(t + h) � dc(t)
h

� �qa�
a(xc) (20)

Ther.h.s.of theabove equationis simply a constantac thatcanbe
computedat thebeginningof eachtimestep.If we accumulatethe
x, y, andz componentsof the 3-vectorsac into the n-vectorsa� ,
where� 2 f x, y, zg, de�ne the matrix Cac = � a(xc), andseparate
� v into its x, y, andzcomponents� v� , equation(20)becomes:

CT� v� = a� , � 2 f x, y, zg (21)

So eachconstraintrequiresthat � v be constantalong threepar-
ticular directionsin R3n. Maintainingthe constraintsinvolvesthe
following steps:

1. At the beginning of eachtimestep,� v is initialized so that
equation(21) holds. This is accomplishedby computingthe
QR-decompositionof C andtransformingequation(21) into
RTb� = a� , � v� = Qb� , from which � v canbeeasilycom-
puted. Although QR-decompositionof an n � m matrix re-
quiresO(nm2) time, in our casethenumberof constraintsm
is typically small,sothecomputationalcostis low.

2. Eachcolumnc of C hasanassociatedprojectionmatrix P =
I � ccT=cTc, which, whenappliedto a vector, eliminatesthe
componentin thedirectionof c. Theseprojectorsareapplied
duringCGsuchthatincrementalupdatesto � v areorthogonal
to thevectorsc, ensuringthatequation(21) remainstrue(for
detailssee[Baraff andWitkin 1998]).

In our currentframework, con�icting constraintscanbe detected
during QR-decompositionandremoved. In the future we hopeto
augmentthis methodto solve over-constrainedsystemsmoreele-
gantly, aswasdonefor FFDby Hsuetal. [1992].

4.5 Blended Local Linearization

A major bottleneckin our systemis the computationof the stiff-
nessmatrix at thebeginningof eachtimestep(theelasticpotential
is a quarticfunction of q). A well-known simpli�cation is to lin-
earizethestraintensorby droppingthe last term in equation(10),
which resultsin a quadraticelasticpotentialand thus a constant
stiffnessmatrix (which is composedof the �rst threeaddendsin
equation(28)). As comparedto othersimpli�cations suchasus-
ing amass-spring-basedelasticpotential,linearizationof strainhas
theadvantagethat it is a very goodapproximation,but only when
thedeformationis small; for largedeformations,severedistortions
occur.

A notablecasefor the linear strain model is when the object
undergoesa largerigid rotation,coupledwith a smalldeformation.
While theelasticpotentialbasedonnonlinearstraindoesnotpenal-
ize rotations,thelinearstrainmodeldoes,while failing to penalize
certainshearingdeformations.Terzopouloset al. [1988] addressed
this caseby modelingthedeformationrelative to a frameof refer-
encethat follows thegrossmotionof theobject.Sincetherelative
deformationis assumedto be small, the linearizedstrainis a rea-
sonableapproximation.This approachis commonpracticein the
engineeringliterature,suchasin the textbook of Shabana[1998],
in which multibodysystemscomposedof interconnectedpartsare
considered.In suchsystems,the deformationof eachpart canbe
measuredfrom alocalreferencecon�gurationthatfactorsin thero-
tationof thepart. As long asthedeformationof eachpart is small
relativeto its rotatedreferencecon�guration,thelinearstrainmodel
is agoodapproximation.

To applytheseideasto articulatedcharacters,we �rst recognize
that the soft tissuesof vertebratesdo not typically undergo large
deformationsrelativeto nearbybones. Basedon thisassertion,our
approachis to divide theobjectinto regions,eachof which canbe
simulatedusingthelinearstrainmodel.

Theuserdividestheobjectinto regionsby assigningweightsto
the control vertices,forming a partition of unity over the object.
A pieceof the objectcanbelongto a single region or canbe di-
vided fractionally amongseveral regions. We encodethe weights
for regioni in adiagonalsquarematrixWi , whereWi

aa is theweight
associatedwith vertex a in region i. Thelower right imagein Fig-
ure 2 shows a partitionedobject,coloredaccordingto the region
assignments.Our currentsystemrequiresthat theuserselectindi-
vidualweightsfor eachcontrolvertex, but amoreintuitivepainting
interfacewould bestraightforward to implement.It would alsobe



helpful to automatethe taskof region assignment(recentwork by
Li etal. [2001]maybeadaptableto ourproblemdomain).

Fromthe region assignmentswe form a cell complex K i corre-
spondingto region i:

K i = f C 2 K : 8 va 2 v(C), Wi
aa > 0g (22)

wherev(C) is thesetof controlverticeson cell C. Eachregion has
anassociatedfunctionspace:

Bi = f � ajK i : � a 2 B, � ajK i 6= 0g (23)

where � ajK i denotesthe restrictionof � a to K i . We de�ne a rect-
angularmatrix Qi to selectthe basisfunctionsthat have nonzero
restrictionsto region i. TheelementQi

ab = 1 if andonly if � a 2 B
correspondsto � b 2 Bi . Thepseudocodefor takinga singlesimu-
lationstepis:

foreachregion i do
1 [r i , qi , �qi ] ( [Qir , Qiq, Qi �q]

foreacha do
2 qi

a := qi
a � T i(r i

a) + r i
a

end
3 ConstructA i andbi from equation(18)
4 SolveA i � vi = bi

end
5 � v (

P
i W iQiT � vi

6 �q ( �q + � v
7 q ( q + h�q

Line 1 extractsthe regional variablesfrom the global system.
Line 2 convertsqi so that it correspondsnot to displacementfrom
the reststate,but to displacementfrom the reststatetransformed
accordingto thetransformationof thebonecoordinatesystem.The
homogeneoustransformationT i , extractedfrom thecurrentcon�g-
urationof the skeleton,representsthe transformationof the bone
from its restpositionto its currentposition.But it is not enoughto
simply transformqi , becausethetransformationitself mustbesub-
tractedfrom qi . A displacement�eld dT thattransformstheobject
x accordingto thetransformationT(x), hasthefollowing form:

dT + x = T(x) (24)

It is from theabove expressionthat line 2 is derived. Line 3 builds
the linear systemrequiredto solve for the local equationsof mo-
tion, includingtheextractionof boneconstraints,andline 4 solves
thelinearsystemusingCG.Line 5 mergesthesolutionsfrom each
region,eachweightedaccordingto theuser-assignedweightsin W i .
Finally, thestateof theglobalsystemis updatedin lines6 and7.

4.6 Twist Constraint

In naturalcreatureswith three-dimensionalbones,the�esh cannot
twist (i.e. rotate)aroundthe axis of the bonewithout causingthe
�esh to deform. Suchdeformationsareresistedby emergentelas-
tic forces,so the twisting is limited. But �esh canrotateabouta
line constraintwithout deforming. To avoid suchunnaturallyfree
movement,we introducea soft constraintto penalizeall displace-
ment(not just deformation)within a �x edradiusof thebones.We
denotethis region 
 � � 
 . Thefollowing potentialdescribesthe
constraint:

U =
1
2

Z


 �

d � dd
 (25)

Figure3: The left imageshows thekangarooat rest. On the right a positioncon-
strainthasbeenappliedto the backof the kangaroocausingadaptationof the basis.
Spheresrepresentactive basisfunctions,andtheir sizeindicatestheir level in thehier-
archy. Thesmallerspheresin theright imagerepresentnewly introduceddetailcoef�-
cients.

Theabovepotentialis quadratic,soits Hessianis simplyaconstant
thatcanbeaddedto thestiffnessmatrix:

@2U
@qa@qb

= I
Z


 �

� a� b (26)

whereI is a 3 � 3 identity matrix. The above constraintmustbe
computedrelative to the rigidly transformedbone,which �ts well
into our local computationframework.

4.7 Adaptation

Becausewe usea hierarchicalbasis,our simulatorcanadddetail
whereneeded.While we do not have a local adaptationcriterion
with provableerrorbounds,we usethesimpleheuristicthatdetail
is morehelpful wherethereare large deformations.If the object
is suf�ciently deformedover thesupportof a particularbasisfunc-
tion, thenall of thebasisfunctionsin thenext �ner level with sup-
port overlappingtheareaof high distortionareintroducedinto the
simulation. Likewise, basisfunctionsare removed when thereis
little deformationin their support. Eachlevel of the basishasan
associatedthresholdfor determiningwhento re�ne andanotherfor
determiningwhento coarsen.As notedin [Debunneet al. 2001],
a lower thresholdis requiredfor coarseningthanre�ning in order
to preventthesimulationfrom oscillatingbetweenlevelsof resolu-
tion.

Regardless of the criteria employed, adapting the basis is
straightforward in our framework. For some�x ed numberof ba-
sis levelswe precomputethemassandstiffnessmatricesandstore
them in a sparsedatastructure. Adapting the basissimply cor-
respondsto extractingandrelinquishingcertaincomponentsfrom
thesematrices,which canbedonevery quickly. Theresultantsub-
setsof thebasisarelinearly independentregardlessof which basis
functionswe choose.Figure3 shows adaptationof the kangaroo
model.For moredetailsregardingour adaptationmethodologysee
[Capellet al. 2002]. A relatedschemehasbeenindependentlyde-
velopedby Grinspunetal. [2002].

5 Results

Theaccompanying videoshows theresultsof applyingour frame-
work to two triangle meshesthat we acquiredfrom the Internet.
The control meshfor the kangaroo model has448 cells and 177
vertices;thecow controlmeshhas572cellsand214vertices.On
a 1 GhzPC,boththecow andkangarooanimatedat about100Hz,
which is clearlywithin rangefor interactive applications.Figure4



Figure4: Framesfrom aninteractiveanimation.Thereis nonoticeablewarpingdue
to strainlinearization,andthedifferentmaterials(e.g.,ears,horns)behavedistinctly.

Figure5: On theleft is theglobal linearsolution,which shows signi�cant warping
whenthecow turnsits headto oneside. In thecenteris the fully nonlinearsolution.
Ontheright is theblendedlocal linearsolution,whichshowsnonoticeablewarpingof
thehead.A slight protrusioncanbeseenin theneckof theright imagedueto region
blending.

shows framesof an animationof the cow model, which demon-
stratesthe ability of our systemto handlevariablematerialprop-
erties;theears�op aroundrealisticallywhile thehornsstayrigid.
This featureis possibleto dointeractively becausethecontrolmesh
canbecarefullycraftedto respectmaterialboundaries,andbecause
ourcomputationof thestiffnessmatrixtakesvariablematerialprop-
ertiesinto account.

For our datasets,the blendedlocal linear andglobal linear so-
lutions requiredaboutthe sameamountof computationtime. Yet
theblendedlocal linearsolutionproducedmuchmorepleasingre-
sults,asdemonstratedin Figure5. Theblendedlocal linearsolution
lookssimilar to thefully nonlinearsolution,while thegloballinear
solutionis badlywarped.

6 Conc lusion

We have introduceda method for interactive simulation of de-
formablebodiescontrolledby anunderlyingskeleton.By choosing
a volumetricmeshthatalignswith thebones,we areableto meet
theboneconstraintsrapidly. Weextenda fastconstraintsolver that
worksdirectly within aniterative solver. We alsointroducea twist
constraintthatmimicstheeffectsof three-dimensionalboneswhen
only one-dimensionalbonesarebeingmodeled.Our methodper-
formswith thespeedof simplelinear-strainmodelsof elasticity, but
doesnotsuffer from distortionsarisingfrom globallinearity.

Therearemany avenuesfor futurework. We would like to au-
tomaticallygenerateskeletonsand especiallycontrol lattices,the
latterbeingthemostlabor intensive aspectof our framework. Our
assumptionsaboutsmalldeformationsbreakdown nearthe joints.
It maybepossibleto addressthis problemby usingnonlinearelas-
ticity nearthe joints. The deformationsnearjoints might alsobe
improved by speci�cally tailoring adaptationto the problem. Fi-
nally, it wouldbeconvenientto includedynamic,not just fully con-
strained,bones.
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A Appendix

A.1 Review of Trilinear Functions

A trilinear functionon thestandardunit cubeC3 = f x = (x, y, z) :
0 � x, y, z � 1g is a functionof theform

f (x, y, z) = a0 + a1x + a2y + a3z+ a4xy+ a5xz+ a6yz+ a7xyz.

Thefunctionf is determinedby its valuesat theverticesof C3: let
ˆ� (s) denotethehat function

ˆ� (s) =

(
1 � jsj for jsj � 1
0 for jsj > 1.

.

andlet � 0(x, y, z) = ˆ� (x) ˆ� (y) ˆ� (z). Then

f (x) =
X

0� i,j,k� 1

fi,j,k� 0(x � i, y � j, z � k)

wherefi,j,k = f (i, j, k). It is easyto checkthat trilinear functions
satisfythefollowing interpolationor hexahedral subdivisionrules:

(i) Thevalueof f at themidpointof anedgeof C3 is theaverage
of its valuesat theendpointsof theedge.

(ii) Thevalueof f at thecentroidof a faceof C3 is theaverageof
its valuesat thecornersof theface.

(iii) Thevalueof f at thecentroidof C3 is theaverageof its values
at theeightverticesof C3.

If we subdivide the unit cubeinto 8 sub-cubesin the standard
way, we canusethesesubdivision rulesto determinethevalueof f
at theverticesof eachsub-cube.Repeatedlysubdividing andapply-
ing thesubdivision rulesyields thevalueof f at eachdiadicpoint
(i=2J, j=2J, k=2J) of C3. Becausethediadicpointsaredensein C3,
thesubdivision rulescompletelydeterminef from its valuesat the
verticesof C3. More generally, startingwith valuesof a function
at the verticesof the standardcubic tiling of R3 andapplyingthe
subdivisionrulesto eachcubiccell determinesapiecewisetrilinear
functiononR3.

We cangeneralizethis constructionto de�ne piecewisetrilinear
functionson any control latticein which theverticesof each3-cell
of K have valence3. Startingwith thevaluesof f at theverticesof
K, we infer its valuesat thecentroidof every edge,faceand3-cell
of K. This givesvaluesof f at every vertex of there�ned complex
K1 obtainedby subdivision (see[MacCracken and Joy 1996] for
details). Becausethe verticesof each3-cell of K have valence3,
thesubdividedcomplex K1 hasonly hexahedralcells,soafterone
subdivision,thesubdivisionprocessbehavesjustasfor cubesin R3.

Thereis acorrespondingnestedsequenceof functionspaces

V0 � V1 � V2 � : : :

de�nedonK. To de�ne VJ, subdivideJ-timesto obtainthecomplex
KJ andspecifyvaluesat eachvertex of KJ. The subdivision rules
thendeterminea function on all of K. Thus,eachfunction in VJ,
for J = 0,1,2 : : : , is determinedby its valuesat theverticesof K.



A.2 Deriv atives of Elastic Potential

ThegradientandHessianof V from equation(12)are:

@V
@qc

=

2Aca
1 qa + Aac

2 qa + Bacqa

+2qd
�
qa � Cadc

1

�
+ (qa � qb) Ccab

1

+qa
�
qd � Cacd

2

�
+ qa

�
qd � Ccad

2

�
+ (qa � qb) Cbac

2

+qd (qa � qb) Dabcd
1 + qa (qd � qe) Dadce

2

(27)
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whereI is a3 � 3 identitymatrixand
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NotethatAab
i is a3� 3 matrix,Cabc

i is a3-vector, andBab andDabcd
i

arescalarquantities.
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